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ABSTRACT Fluorescence depolariza-
tion is a powerful technique in resolving
dynamics of molecular systems. Data
obtained in fluorescence depolariza-
tion experiments are highly complex.
Mathematical models for analyzing
data from depolarization due to rota-
tional motion have been largely based
on the rotational diffusion equation.
These results have been verified by
Monte Carlo simulations. It has been
implicitly stated that a 900 jump model
between predefined orientations such
as presented by G. Weber (1971. J.
Chem. Phys. 55:2399-2411) should,
for the specific case of fluorescence
depolarization, give the same answer
as the diffusion equation. Since the
highly symmetric cases considered by
G. Weber gave the same result as the
diffusion equation, it has been desir-
able to use this method in cases where
depolarization arises from both dis-
crete processes and rotational diffu-
sion. We have derived, in a compart-
mental formalism, the general result for
excitation and emission dipoles not
necessarily coincident with any of the
principal rotational axes of the fluoro-
phore from this exchange model, and
have found it to be different from that of
the diffusion equation approach. We
have also verified this difference with a
Monte Carlo simulation of our ex-
change model. This derivation allows
us to define the limits of validity of the
900 exchanges to model rotational dif-
fusion. Also, for systems where move-
ments may be jumps between a few
preferred orientations, the actual physi-
cal mechanism of depolarization may
not be accurately represented by con-
tinuous diffusion. The compartmental
formalism developed here can be used
to easily combine rotational motions
with discrete position jumps or other
level kinetics. While the difference
between the diffusion equation and
random walk of finite step size deriva-
tions has been presented for observa-
tions of different order properties for
the compartmental formalism, we dis-
cuss the possibility of finding this differ-
ence by using the ratio of relaxation
rates from a single experiment. Also,
the temperature dependence of the
exchange rates is calculated in relation
to the Kramer's theory.
INTRODUCTION
The study of fluorescence depolarization is a very power-
ful technique in resolving dynamics of molecular systems.
Information about the size and shape of a molecule, as
well as its interaction with the surrounding solvent and
with other molecules, can be obtained. Techniques to
measure these effects have been used in both the time and
frequency domains to study a wide range of systems from
proteins (1-3) to liquid crystals and lipid bilayers (4, 5).
The data obtained in fluorescence depolarization experi-
ments is highly complex, and may be further complicated
by a variety of factors such as multiple fluorescence
lifetimes, excited-state reactions, energy transfer, and
solvent interactions. In this paper we will consider only
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fluorescence depolarization caused by rotational motions
of the emitting molecule. For nonspherical molecules, the
anisotropy decay will be multiexponential or nonexponen-
tial. Due to this complexity, researchers are interested in
models that predict the polarization anisotropy decay for
nonisotropic rotations. Here we are interested in the limits
of validity of two separate theoretical derivations of
fluorescence depolarization decay due to anisotropic rota-
tions, that is, rotations of nonsymmetric molecules. For
this purpose, we are limiting ourselves to derivation for
unrestricted rotations where the shape of the molecule is
the only factor that contributes to the depolarization. We
will consider first the mathematical forms of the depolari-
zation given by the two methods, and then we will
examine the differences and similarities between them
with particular emphasis on the different physical
assumptions of the two approaches.
Mathematical models used to describe fluorescence
anisotropy decay were based on either the diffusion
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equation (6) or discontinuous "jumps" between orienta-
tions, as used by G. Weber (7). Models using the diffusion
equation are based on the original derivation of rotational
diffusion by Favro (8). For cases where the absorption
and emission dipoles are colinear and aligned with one of
the principal axes of the molecule (called the "aligned
case"), these two derivations give the same result regard-
less of the shape of the molecule. The mathematical form
given by both models in the aligned case is the sum of two
exponential terms, with each method yielding the same
preexponential factors and rotational correlation rates. In
the aligned case, the preexponentials are independent of
the diffusion constants and geometrical factors, and the
rotational correlation rates are 6D ± 2A where
D = 1/3 (D. + Dy + Dz)
A= (D2 + D2+ DD2D^ - DyDZ - DzDx)'I2.
Here, Di is the rotational diffusion constant or rotational
rate about the ith axis, D is their average, and A is related
to the anisotropy of the rotations. Each of these two
rotational correlation times are symmetric with respect to
the three principal axes of the molecule. From the diffu-
sion equation derivation, the anisotropy decay in the
general nonaligned case is known to be a sum of five
exponential terms. The three extra correlation times
found in this case are not symmetric in the diffusion rates,
and we call them the "cross-terms." The cross-terms do
not appear in the aligned case because their preexponen-
tials are zero under these conditions. The full expressions
for the anisotropy decay from both derivations are given
in Theory. The discontinuous jump model between orien-
tations was never generalized to the nonaligned case
(neither absorption nor emission dipoles aligned with one
of the principal axes) and therefore no solution is avail-
able that provides the five exponential terms found using
the diffusion equation approach. Perhaps because of the
lack of a general solution for anisotropic rotations from
the discontinuous model, the diffusion equation has been
used as the only mathematical model of rotational motion
(9). The results of the diffusion equation derivations were
quickly verified by many researchers (10, 11) and have
since been verified by Monte Carlo simulations (12). In
addition, it has been implicitly stated in some of these
papers that if the nonalignment of dipoles and prinicipal
diffusion axes were taken into account, Weber's method
should give the same five exponential answer as the
diffusion equation (10), and the question has been raised
as to the limits of validity of the discontinuous approach
(13, 14). The equivalence of jump and diffusion models
has also been assumed to be true in the field of dipolar
relaxation as long as detailed balance is upheld (15, 16).
Since unrestricted rotations should not be affected by
electronic transitions, they will always meet this criterion
and we therefore would expect both methods to give the
same result. Since the pioneering work of Weber using a
jump model, it has been desirable to use his unique
approach to analyze systems where depolarization results
from a combination of rotations and processes that are
compartmental by nature, such as some cases of dipolar
relaxation, energy transfer, or reorientation induced by
the change in dipole moment. Great effort has been
expended to combine rotational motion with level kinetics
using the diffusion equation, but the expressions obtained
are complicated and difficult to apply to an experimental
situation (17, 18). The purpose of this paper is to examine
the applicability and limitations of a compartmental
formalism to describe rotations that may be diffusive. We
do not believe that the actual physical process of rotations
is ever only 900 jumps, but we do wish to take advantage
of the mathematical coincidence between the compart-
mental and diffusion equation approaches when it occurs.
The compartmental approach will allow us to easily add
processes that contribute to the anisotropy decay in a
naturally compartmental way. This approach has previ-
ously been used to fit frequency domain anisotropy decay
data directly to a physical model (I 3).
We have expanded Weber's approach to the general
nonaligned case and derived the general result of the 900
jump model. We find the result to be different from that
of the diffusion equation approach. While both models
give five exponential terms for the nonaligned case, the
rotational correlation times of the cross terms derived in
the discontinuous model are not equivalent to those found
with the diffusion equation approach. Instead, the preex-
ponentials are each the same for both models, since for the
three cross terms they arise from only geometrical factors
and initial conditions. We have also verified our compart-
mental model result with a Monte Carlo simulation of 900
jumps between orientations. Our results demonstrate that
the original agreement between the two methods in the
aligned case was only a coincidence arising from the fact
that the preexponential factors of the three cross terms
are zero in both solutions for this case.
This difference is significant for two main reasons.
First, for systems where the fluorophore is small and may
not be very much larger than the solvent molecules, the
actual physical mechanism of rotation may be large
jumps instead of continuous diffusion. In this case, the
jumps should be treated in a random walk formalism of
finite step size. The differences between this random walk
approach and continuous diffusion have been discussed in
the literature (19). Second, in systems where a small
number of specific orientations may be preferred due to
environmental constraints on the fluorophore, a major
driving force of depolarization may be jumps between
1084 Biophysical Journal Volume 56 December 19891 Biophysical Journal Volume 56 December 1989
these preferred states. In both of these cases, the solution
and physical implications given by a diffusion equation
approach may be incorrect.
In this paper, we outline the assumptions and show the
results of both methods, as well as detail the formalism
used to calculate fluorescence depolarization with a com-
partmental model and show the specific mathematics
used in the jump model derivation for a general geometry.
We also describe the procedure and results for the Monte
Carlo simulation of the 900 jump model, and discuss the
significance of the differences and similarities between
the two models, as well as the assumptions about the
physical mechanism of rotation that is used in each
model. We will also pay particular attention to the case of
restricted motions and to the temperature dependence of
the rotational rates in each of the two approaches.
THEORY
We first briefly describe the results for rotational motion
that are derived using the diffusion equation. For this, we
will follow the assumptions and notation of Chaung and
Eisenthal (10). Their derivation begins with the rota-
tional diffusion equation as given by Favro (8):
af(a, t)/lt = -Hf(Q, t), (1)
with the Hamiltonian given by:
H=D,LV, (2)
where Di is the ith component of the diagonalized diffu-
sion tensor, and L is the quantum mechanical angular
momentum operator. The function, f, in Eq. 1 may be
solved by the Green's function method. This function
multiplied by the probability of absorption is then inte-
grated over the sphere of possible dipole directions for
each of the parallel and perpendicular intensities; in the
case of a macroscopically nonaligned sample, the original
dipole distribution is uniform. The geometry of the system
is defined by the projection of the unit vector of the
absorption dipole along the molecular axes to be y,, yy,y,z.
The corresponding components of the emission dipole are
denoted as qx, qy, q,. The result for the time-resolved
anisotropy, r(t), is then given by:
r(t) = '/lo [4 q.qy-yyye-3( s+D)
+ 4 qyq,-yyye-3(D,,+D)t
+ 4 q.q,y.-y,e-3(Dy+D)t
+ (,B + a)e(6D+2
+ (,3- a)e-(6D-2A)tI, (3)
where
: 2,2
2q22 2q2 _ I/3
DX(A) yy+ qZyz-2 qX'y + 2+ q2)
+a~ (q~yy + qzy..- 2 qxly + 'yX+ qx)
+ (A )(q282z + q282x 2 qyy2 + yy + qy)
+ (A)(qx2yx + q282y _ 2 q282 + y2 + q2
2 D
and with D and A as defined in the Introduction. This is
valid only in the case A 0; for A = 0 one must simplify
the expression before solving the diffusion equation, and
the a term disappears.
We will now describe our implementation of a com-
partmental jump model. First, we will outline the for-
malism used to calculate fluorescence anisotropy using
this model, and then describe the assumptions and spe-
cific equations used in the general case of an anisotropic
ellipsoid with neither absorption nor emission necessarily
aligned with a principal axis of the molecule. We will use
the same notation described above.
The formalism for using a compartmental model to
calculate fluorescence depolarization has been previously
outlined (13) and is presented here as a convenience to the
reader. In general, to implement the compartmental
model for n compartments, we use the following proce-
dure. First we must define a state vector, S, which
contains n entries, one for each compartment. A compart-
ment is simply one state of the basis set of distinguishable
polarizations. These compartments can represent dif-
ferent spatial orientations of the system, or possible
excited-state products. Next, we define a matrix of popu-
lation and depopulation rates for each compartment:
-k,-kil
k2A
A =
knl
k,2 ... . kl.
-k2 -2 ki2 . . . k2n
.
.~ ~
(4)
kn2 . .. -k,,- 2 kin
where ki is the decay rate of the ith compartment and ki, is
the rate of interconversion from the jth to the ith
compartment. This matrix contains only constant rates,
which can be interconversion rates or decay rates. An
initial condition vector, B, which contains the initial
excited population of each compartment, must be deter-
mined. For fluorescence depolarization experiments the
initial populations are given by the dipole selection law
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under excitation by polarized light. The application of
this photoselection in the general case will be described
later. Once we have defined these quantities, we can solve
the eigenvalue problem AS = XS with boundary condi-
tions, B. This type of matrix always gives real and positive
eigenvalues (20). In the case of larger matrices, we can
easily solve the eigenvalue problems numerically on a
computer. The resulting Xi's give the decay associated
rates, and the eigenvectors, Ei, will lead to the preexpo-
nentials as shown below. The Ei's each havej components,
Ei,. Since we would like to use this method to calculate
anisotropy decay, we must introduce our experimental
geometries to the model. We define two polarization
vectors, P1 and Pll, such that the jth component of P1 is the
relative perpendicular contribution to the fluorescence
intensity of the jth compartment and the same for Pl.
These vectors are defined by the experimental geometry
of the observation of the emission dipole, and are multi-
plied by the E,'s to obtain the preexponential factors. We
can then use the results of our eigenvalue problem, along
with the P vectors, to calculate 111(t), I(t) and the total
intensity, I(t), with the following formulae:
n n
I
-(t)= e-X" E P,jEij (5)
i-I j-1
n n
_L(t) = E e-xlt E P-LjEii (6)
i-I j-1
I()=II(t) + 2I_L(t) (7)
and of course the time-resolved anisotropy,
r(t) = 11(t) 21T (). (8)
As mentioned above, the initial conditions for the
fluorescence intensity come from the dipole absorption
law, which goes as the average of cos2 of the angle
between the absorption dipole and the direction of polari-
zation over the initial distribution of dipoles. To calculate
the initial intensity, we must also include the projections
of the dipole emission in both the parallel and perpendicu-
lar directions. However, because we would like to fit data
with this method, we derive the boundary conditions for
both colinear absorption and emission dipoles, and then
include any difference between them in the P vectors.
This is done because the gradient of variables contained in
the boundary conditions of an eigenvalue problem are
irregular, making a least-squares minimization difficult.
To derive the initial conditions, we use the spherical
coordinates for the angle between the vector and the
z-axis, and 0 for the angle from the vector's projection on
the x-y plane to the x-axis. Our experimental condition is
for light arriving from the positive x-direction polarized
along z. In this paper we are considering only isotropic
(nonaligned) samples, so we must integrate the cos2 0
absorption over all dipole orientations with a uniform
distribution of dipoles, as was done in the diffusion
equation approach. For the initial intensity of the basis
compartment with dipole along the z-axis this integral is,
Bz = 2i d fi sinG dO cos2 *Z()2, (9)
where the first term, cos2 0, is the probability of exciting a
dipole with angle from the excitation polarization (in
our geometry this is the z-axis), and the second term,
(r z')2, gives the intensity projection of the dipole on the
z-axis. For B, we use the identity rz = cos 0z, and this
integral reduces to,
Bz = 21r sin6 dO cos4O =4ir (10)
This calculation is the same for the initial populations
along the x- and y-axes by noting the two identities r =
sinO sinoy and r = sinG cos4'x. The values are equal and
are both 47r/ 15. Because only the relative populations of
each compartment are important to the anisotropy calcu-
lation, we normalize the initial conditions so the sum of
the initial intensities is equal to one. In the laboratory
frame, there are two distinguishable compartments along
each axis, one for each absorption and emission dipole
plane (7). Since we assume a uniform initial distribution
of dipoles, the initial intensities are not dependent on the
shape of the molecule or location of the dipole in the
molecular frame. We can thus define the initial values by
these six distinguishable states. The normalized initial
values we use are 0.3 for the two states with absorption
dipoles along the laboratory z-axis and 0.1 for each of the
four states with absorption dipoles along the x- and
y-axes. However, the rotations are about the principal
axes in the molecular frame, so each initial population
must be rotated in the molecular frame separately and
then transformed back into the lab frame to calculate the
observed fluorescence anisotropy. Once we have calcu-
lated the time-resolved anisotropy, we can then integrate
over all time to obtain the steady-state values.
To calculate the fluorescence depolarization for the
general molecular case (where the absorption and emis-
sion dipoles and the principal axes of rotation may all be
nonaligned) with a compartmental analysis approach we
use a state vector of 24 components as the basis set of
rotations in the molecular frame. These 24 states repre-
sent all of the possible orientations of a general dipole that
are reachable by a series of 900 rotations along the
principal axes in the molecular frame. The 24 comes from
the three possible alignments of a vector in each of the
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TABLE 1 Rotation matrix, A, and state vector, S, for the 24 x 24 case, with 0 = k, + 2D, + 2Dy + 2D,
-Q 0 0 0 0
O -Q 0 0 0
O O -Q 0 0
O O 0 -Q 0
O 0 0 0 -Q
o o 0 0 0
o o 0 0 0
o o 0 0 0
o o 0 0 0
o o 0 0 0
o o 0 0 0
0 0 0
DX DX 0 0 0
DX D. 0 0 Dy
0 DX DX Dy
DX DX 0
O D. D. 0 D.
D, 0 0 Dz 0
Dz 0 0 D, D.
O D, Dz 0 0
Dy 0 Dy 0 Dz
O Dy 0 Dy D,
Dy 0 Dy 0 0
O Dy 0 Dy 0
0
0
0
0
0
-Q
0
0
0
0
0
0
Dy
0
0
Dy
0
D.
0
D.
D.
D,
0
0
0
0
0
0
0
0
-Q
0
0
0
0
0
Dy
0
0
Dy
D.
0
D.
0
0
0
D.
D.
0
0
0
0
0
0
0
-Q
0
0
0
0
0
Dy
Dy
0
0
D.
0
D.
0
D.
D.
0
0
0
0
0
0
0
0
-Q
0
0
0
D.
0
D0
0
Dy
Dy
0
0
0
D.
D.
0
0
0
0
0
0
0
0
0
0
-Q
0
0
0
Dz
0
D.
Dy
Dy
0
0
D0
0
0
D.
0
0
0
0
0
0
0
0
0
0
-Q
0
D.
0
D0
0
0
0
Dy
Dy
D.
0
0
D.
DX D.,0 0
DX D. 0
O O 0 DX D.
O O 0 Dx D.
O O Dy Dy 0
O Dy 0 0 Dy
O Dy 0 0 Dy
O O Dy Dy 0
O D. 0 Dz 0
O O D, 0 D,
O Dz 0 D. 0
-Q 0 Dz 0 Dz
O -Q 0 0 0
D, O -Q O 0- x
0
D2, 0
0 0
0 0
Dy 0
Dy 0
0 0
D. 0
D,, 0
0 0
0 -Q 0
-Q000Q
00 0
00 0
00 0
00 0
00 0
0 0 0
00 0
0
0
Dz
D0
0
D.
0
D.
0
Dy
Dy
0
0
0
0
0
-Q
0
0
0
0
0
0
0
D0
0
0
D0
0
D.,
0
D.
Dy
Dy
0
0
0
0
0
0
0
-Q
0
0
0
0
0
0
Dz 0 Dy 0
O Dz 0 Dy
O Dz Dy 0
Dz 0 0 Dy
D. 0 Dz Dz
D. Dz Dz
D., 0 0 0
DX 0 0
0 0 DX
0 0 DX 0
Dy Dy D. 0
Dy Dy 0 D.
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
-Q 0 0 0
0 -Q 0 0
0 0 -Q 0
0 0 0 -Q
Dy
0
Dy
0
0
0
Dz
D.
D.
0
0
D.
0
0
0
0
0
0
0
0
0
0
0 1 2 3
Dy 1 -2 -3
0 -1 2 -3
Dy -1 -2 3
0 3 1 2
0 3 -1 -2
Dz -3 1 -2
Dz -3 -1 2
0 2 3 1
D. 2 -3 -I
DX -2 3 -I
0 -2 -3 1
0 1 3 -2
0 1 -3 2
0 -1 3 2
0 -1 -3 -2
0 2 1 -3
0 2 -1 3
0 -2 1 3
0 -2 -1 -3
0 3 2 -1
0 3 -2 1
0 0 0 0 -Q 0 -3 2 1
0 0 0 0 0 -Q -3 -2 -1
eight octants of three dimensional space. This rate matrix
of interconversions and state vector is shown in Table 1.
The rotational matrix is the compilation of all the 900
rotations about each principal axis of the molecule. The
24 states are denoted by the position of the principal
molecular axes with respect to the initial orientation of
the molecule. Since we consider only 900 jumps, the
molecular frame remains the same except for exchanges
of axes. For example, if the beginning state of (1, 2, 3) is
rotated about the molecular x-axis in the right-hand (+)
direction, the final state is (1, 3, -2). This is shown in
Fig. 1. Note that we use the "right-hand rule" to denote
the positive direction about an axis. In previous 900 jump
model calculations only six compartments have been used
3
D
(1,2,3) (1,3,-2)
(7). The use of the six states is indeed justified by the
amount of molecular symmetry assumed in those deriva-
tions. However, in the case where the rotational axes are
not necessarily aligned with the dipole, there are
24 distinguishable rotational states instead of only six.
Due to the initial intensity considerations mentioned
above, we break the problem into six parts, each using the
same 24 x 24 matrix to evolve the initial vector in time.
There are six distinguishable initial basis states of a
uniform distribution of absorption-emission dipole pairs.
Since with anisotropic rotations a dipole initially aligned
with the laboratory z-axis will not necessarily ever align
with the x-axis via a series of 900 rotations, it may happen
that there is no mixing of the initial states, so we must
therefore consider each of these six initial states separate-
ly. The rotational motions, as opposed to the initial
conditions, are independent of the laboratory frame, and
depending on the shape of the molecule and the location
of the dipoles, may have up to 24 distinguishable basis
states. Since the initial distribution of dipoles is defined
by the laboratory frame, we can determine the transfor-
mation matrices between each of the six initial ensembles
and the laboratory axes. The P vectors are then deter-
mined by using these transformations to rotate the 24
states of molecular frame rotation into the laboratory
frame separately for each of the six initial ensembles. The
components of the P vectors are the square of the projec-
tions of these rotated vectors in each of the parallel and
perpendicular directions. After defining our compart-
mental matrix, initial conditions, and the P vectors, we
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FIGURE 1 Rotation about the x-axis of a molecule with principal
rotation rates D., Dy, D2, from state (1, 2, 3) to state (1, 3, -2). Also
shown is the resulting movement of a dipole, ,u.
1
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can run the eigenvalue-eigenvector solver once and mul-
tiply each eigenvector by its initial factors. These initial
factors are either 0.3 or 0.1. The I11(t) and I(t) values are
now calculated in the same manner as shown above, but
now there are six separate sets of eigenvectors and P
vectors that must be added.
Shown here are the results from our eigenvalue-
eigenvector problem (Table 2). The values for the eigen-
values were determined analytically using Mathematica
(Wolfram Research, Champaign, IL) on an AT&T
UNIX PC. The values listed in this table under || and i
correspond to the second summations (over j) of Eqs. 5
and 6. These parameters are combinations of several
eigenvector, P vector products and have been determined
somewhat empirically. The results from the diffusion
equation are given in Eq. 3. For the compartmental case,
after applying the initial conditions, we get five nonzero,
preexponential terms, plus the total intensity decay term
which cancels out in the anisotropy calculation. Although
the 144 terms prohibit us from obtaining a true analytical
solution for the eigenvectors, we can graph the preexpon-
ential terms versus each y., yy, yz, qX, qy, q,. From these
graphs (not shown), we see that regardless of the y and q
values, all of the five preexponentials agree between the
two models. Since the preexponentials of the cross terms
come only from geometrical factors and do not contain
diffusional constants, this indicates that we have the
geometry of the system correct. As stated above, we
observe that two of the rates, (6 D ± 2 A), are the same in
each of the two independent derivations. It is these two
rates which remain observable regardless of the align-
ment of the absorption and emission dipoles. The only
difference between the two solutions is in the exponential
part of the cross-terms (the first three exponential terms
of Eq. 3). The diffusion equation yields rotational correla-
tion rates of 4 Di + Dj + Dk, where i, j, k are the three
TABLE 2. Elgenvalues and their degeneracy for the
general jump model matrix
Rate Degeneracy Parallel Perpendicular
kf I 1/9 1/9
6D + 2zv 2 (1/15)(# + a) -(1/30)(fl + a)
6D - 2A 2 (1/15)(3 - a) -(1/30))j - a)
4D, + 2DY + 2DZ 3 (4/15)qyqzqy,yz -(2/51 )qyqz-y'ytz
2D, + 4DY + 2DZ 3 (4/15)q,qzZy.yz - (2/15)q.qzy,.-
2D, + 2D, + 4DZ 3 (4/l5)qxqy-yxyy -(2/15)qxqyyxyy
2DX + 2DY 3 0.0 0.0
2Dx + 2Dz 3 0.0 0.0
2DY + 2Dz 3 0.0 0.0
4D, + 4DY + 4DZ 1 0.0 0.0
Also listed are the preexponentials for the fluorescence intensity in both
the parallel and perpendicular direction as calculated with the jump
model.
cyclic permutations of x, y, z. Our solution, using the
compartmental approach, gives rates of 4 Di + 2 Dj + 2
Dk. This extra factor of two causes the jump model to
show faster depolarization than the diffusion model.
SIMULATION RESULTS
We have also verified our results by a Monte Carlo
simulation of the 900 jump model on a Compaq Deskpro
386-20 computer. We begin with a randomly distributed
ensemble of 1,000,000 identical molecules, each with one
fixed absorption dipole and one fixed emission dipole. The
excitation probability of each dipole is cos2O0, where 00 is
the angle between the molecule's absorption dipole and
the laboratory z-axis. Then each molecule is allowed to
rotate about its principal axes with a probability P,i =
AtRi+, where Ri, is the rate of rotation about axis i in the
plus direction. Thus there are six probabilities of rotation,
one in each direction for each of the three principal
rotation axes of the molecule. The approximation for this
conversion from rates to probabilities is valid when At is
small enough so that the total probability of all rotations
is < 0.25. That is, fewer than one-quarter of all molecules
undergo a rotation during any one time-step. We then
loop through all of the molecules and calculate the
intensity projection of each emission dipole in both the
parallel and perpendicular directions of the lab frame.
We must multiply each of these intensities by the excita-
tion probability for that molecule. All of the parallel
intensities are summed, as are the perpendicular ones,
and these summations are the III and 1, values used to
calculate the anisotropy (Eq. 8) for each time step. We
then loop through the time steps until the anisotropy goes
to zero. These calculations agree precisely with our
eigenvalue calculation of the jump model.
DISCUSSION
In this section we will address the differences between the
two methods of describing fluorescence depolarization,
and the physical mechanisms and assumptions behind
each approach. In particular, we will consider under
which conditions the difference between the two models
can be best observed, and discuss the physical picture
behind each model. The role and expected results of a
master equation, in which a distribution of jump sizes
governs the rotational motion, will be discussed. We will
also examine the temperature dependence of the aniso-
tropy decay rates and steady-state anisotropy of each
approach, and comment on the application of the discon-
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tinuous jump model to restricted motions, particularly the
motion of a residue in a protein matrix.
Can the difference in decay rates
between the two models be
observed?
Although our solution is not strictly applicable to process
that are diffusional or processes that proceed by a series of
jumps between random orientations, the difference
between the aligned and the nonaligned case found in the
compartmental approach is significant. As a result of our
derivation, one should be able to distinguish between
nonsymmetric molecular systems undergoing either diffu-
sion or large jumps between compartments simply by
observing a single anisotropy decay in contrast with the
method proposed by Valiev and Ivanov (19), which
requires two different observations. For the general case
with five exponential terms, the two methods do give
slightly different solutions to the nonaligned problem;
however, it is difficult to find a situation to distinguish
between the two general solutions experimentally due to
several factors. First, there are few molecules with so little
symmetry that they would actually yield all five exponen-
tial terms in the anisotropy decay. One such system would
be a large nonsymmetric molecule with an external probe
attached in a nonaligned direction. For large molecules,
we would expect the motion to be in small increments and
thus follow the results of the diffusion equation. Mole-
cules of the size where relatively large jumps would be
expected to significantly contribute to the anisotropy
decay invariably have too much symmetry to observe all
five terms. Second, the values of some of the rotational
rates are degenerate within the resolution of current
instrumentation unless the molecule is highly anisotropic
(i.e., the rotational rates all differ by about a factor of 10).
For a molecule to be highly anisotropic, it must be large.
The final reason is that the time scale to resolve five
different exponentials must be within the fluorescent
lifetime of the probe. Any motion that is considerably
slower than the total intensity decay will not be resolved
and will manifest itself as a higher limiting anisotropy.
Techniques for expanding the observable range often
introduce at least as many problems as they solve. How-
ever, in principle, it is possible to isolate one of the cross
terms' rotational correlation time. Consider a molecule
with cylindrical symmetry where DX = Dy D1, D,,%
and the dipole is not aligned with any of the principal
axes. Due to this symmetry, we can define our molecular
axes so that yy = 0. This now leaves three terms in the
anisotropy decay: 6 D1, 2 D, + 4 Di, which are the same
in both models, and one cross term with rotational corre-
lation rate 5 D, + DI, in the diffusion equation model, 6
D1 + 2 DI, in the jump model. With the further assump-
tion of qx = q,, we see that the prexponential of the second
term is zero, thus leaving only two exponential terms:
r(t) = 0.1(3q2 _ 1)(3 y2)e6D-± + 0.3(4,y,-yzqxq)eD9 (11)
where D, is 5 D1 + DI, for the diffusion equation model,
and 6 D1 + 2 DI1 for the jump model. This cross term has
the larger preexponential factor of the two exponentials,
and should dominate the observed anisotropy decay. For
example, if both absorption and emission dipoles have
equal components in the x- and z-directions, the preex-
ponentials are 0.05 for the common rate and 0.3 for the
cross term. If we choose a molecule where DII >> D1, the
rotational correlation rate of the cross term will differ by
a factor of nearly two between the two models. Under the
above molecular conditions, there is a large measurable
difference in the anisotropy decay depending on which
model is assumed. Although our compartmental deriva-
tion is not a random walk problem in the orientational
space, we believe the difference outlined above should still
be visible in the case of a distribution of steps of different
sizes (19).
Different physical assumptions of
the two approaches
The microscopic physical assumptions of each model are
different. In the diffusion equation it is assumed that all
motions are small and that each new orientation is close to
the previous one. In our compartmental model we assume
all rotations are exactly 900 and only along the principal
axes, which is not a likely physical situation. However, the
difference in the general solutions under the two assump-
tions may indicate that the diffusion equation approach is
not always adequate to describe fluorescence polarization
in certain physical systems. We propose that both
approaches are only limiting cases of an underlying
general principle governing molecular reorientation. That
is, the true motion of a free molecular rotation is neither
diffusive nor jump, but rather a distribution of different
size motions represented by a master equation. The
formalism and some simple examples of the rotational
random walk problem with a distribution of jump sizes is
presented by Valiev and Ivanov (19), although they do not
apply their results to the case of fluorescence depolariza-
tion.
Another question is what is the physical relationship
between the jump rates in the compartmental model and
the rotational diffusion constants. We know that for 900
jumps they are mathematically identical in some "degen-
erate" cases (7, 13). The compartmental model treats
depolarization as a process of exchange of dipole orienta-
tions. The macroscopic relaxation rate of a return to
Piston and Gratton Orientational Exchange Depolarization 1089Exchange Depolarization 1089
equilibrium of a system that has been displaced from the
thermodynamic equilibrium is related to the microscopic
rate of exchange by the fluctuation-dissipation theorem.
In a fluorescence depolarization experiment the displace-
ment from equilibrium occurs only through an entropic
term (i.e., we create order in the system by photoselec-
tion). The elementary physical process responsible for the
anisotropy decay is the same process responsible for the
exchange of orientations. The jump rate (the microscopic
rate) should be identical to the rotational relaxation rate
(the macroscopic rate). However, the macroscopic decay
rates differ between the two approaches. This result
implies that the observation of fluorescence depolariza-
tion is not directly related to the exchange of orientations
in general, although it may coincide for some symmetric
cases.
The different physical assumptions and consequences
of the two models are considered below for some specific
cases.
Restricted rotations
There are many systems of biological interest where only
some particular orientations are possible due to molecular
constraints (e.g., motions of residues in a protein and of
probes in locally oriented systems such as membranes).
For these situations, it appears that the discontinuous
jump model should be the choice for describing fluores-
cence depolarization. In these cases, the elementary pro-
cess of orientation exchange can be treated as the rate of
transition over a barrier, and all the thermodynamics
(temperature, pressure dependence) of this process, as far
as is known, can be included in the calculation of the
anisotropy decay. In addition, we can model small move-
ments within a particular orientation by defining the
entries of the P vectors to be distributions and not discrete
values. In this case, we simply integrate the eigenvector
component times the probabilities within a compartment
in Eqs. 5 and 6.
Distribution of relatively large jumps
Although our derivation of fluorescence depolarization
has been obtained for true molecular motion, fluorescence
anisotropy decay can also occur due to other processes,
such as energy transfer, with no involvement of molecular
reorientation. Our approach is of course applicable to this
case and it is easy to devise situations in which large
jumps in the emission dipole orientation can occur in the
energy transfer example.
Temperature behavior of the
anisotropy decay in the two
models
To examine the temperature characteristics of the two
models, it is easiest to consider the steady-state anisotropy
and use the Perrin plot, which is the inverse of the
steady-state anisotropy versus temperature divided by
viscosity (21). The temperature behavior of rotational
diffusion rates has been established to be linear with
temperature divided by viscosity (TT/q). This is the
Stokes-Einstein relationship, which comes from the
assumption that the driving force of the rotational
motions is the osmotic pressure of the solvent (22). To
derive the relation between the rates in a jump model, we
assume the jumps to occur over a barrier of height AH.
With this assumption we must start with the Kramer's
relation in the high viscosity limit:
D =
o
e-AH/RT (12)
where Do = vv0p; with v0, the frequency at the bottom of
the barrier (the curvature of the potential well); v, the
frequency factor at the top of the barrier; and p, the
molecular density. This relation is clearly not linear in T,
but over the range of T/? up to 1,000 K/cP, it is indeed a
linear function of T/l. This property arises from the
observation (23) that over a restricted temperature range
the viscosity can be expanded as:
1sE/RT (13)
where mq and E are dependent upon the particular solvent.
This relation is not exact but holds over the temperature
range around room temperature (- 300C to 300C). Typi-
cal values for glycerol-water mixtures are qo = 10-9 cP
and E/R = 8,000 K. Using this phenomenological expres-
sion for q, a plot of D versus T/l is linear for any
reasonable value ofAH (up to 50 RT). The range that can
be explored experimentally is clearly within this limit.
Consequently, the slope of the Perrin plot with rates
described by Eqs. 12 and 13 is independent ofA H and E.
Instead, the slope of this line is approximately propor-
tional only to Do, which is made up solely of viscosity
independent properties. This is in agreement with the
results of the Perrin equation which uses the slope of this
graph to determine the value of the "density" of the
rotating particles. For unrestricted motions, the tempera-
ture dependence of the two models should be identical if
the viscosity of the solvent is described by Eq. 13. For
restricted motions (e.g., residues in proteins), it is not
clear if Eq. 13 is still valid, and therefore, in that
particular case, it may be possible to obtain information
about the value of AH. Recent work by Weber has
attempted to interpret data in this fashion to give insight
into the local motions of residues within proteins (24).
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